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Abstract

We explain and clarify the work of Garvan et al. [GKS90] on Dyson’s crank
of integer partitions [Dys44], proving Ramanujan’s congruences.

1 Introduction

Recall that a partition of a positive integer n is a non-increasing finite sequence A =
(A,...,Ag) such that n = Ay + -+ + \,. For i = 1,... k, \; is called a part of
the partition. The number of partitions of n is denoted p(n). A partition may be
represented by a so-called Young diagram, i.e. an array of cells such that the i-th
line has A; cells for i = 1,...,k (see Figure 1). It is clear that there is a one-to-one

Figure 1: Young diagram of the partition A = (5,4, 2).

correspondence between partitions and Young-diagrams. This justifies the definition
of the conjugate partition:

Let A be a partition of n. Then we define the conjugate partition X such that it
has A; parts and A} is the number of cells in the i-th column of the Young diagram
of A. In other words, X\ is the Young diagram obtained by transposing (i.e. reflecting
about the main diagonal) the Young diagram .

Theorem 1.1. (Ramanujan’s congruences). Forn € N,
p(5n +4) =0 (mod 5)

p(Tn+5) =0 (mod 7)
p(1ln +6) =0 (mod 11)



Theorem 1.1 was first proved by Ramanujan in [Ram21], and has since been proved
in many different ways, see for example [HWO08|.

In [Dys44], Dyson noted that all existing proofs of Ramanujan’s congruences relied
on generating function identities which gave no idea of how to split the partitions of
5n 4 4 (resp. Tn + 5 and 11n + 6) into 5 (resp. 7 and 11) equinumerous classes. He
proceeds to define the rank of a partition A = (A\y,...,Ax) as rank(\) = A\ — k. By
definition, rank(\) = —rank(\'). Let P denote the set of all partitions, N(m,n) the
number of partitions of n of rank m and N(m,t,n) the number of partitions of n of
rank congruent to m modulo ¢. Since the map P — P, A — X is bijective (it is its own
inverse), we obtain that N(m,n) = N(—m,n) and N(m,t,n) = N(t —m,t,n). Dyson
conjectured that the rank would split the partitions of 5n 4+ 4 and 7n + 5 into 5 and 7
equinumerous groups respectively. More precisely, that

Sn+ 4
N(m,5,5n + 4) = %

form=20,1,2,3,4 and
N(m,7,Tn +5) = w

for m = 0,1,2,3,4,5,6. He noted that this strategy wouldn’t work for partitions of
11n + 6, but nevertheless suggested that something similar might work. He defined
the term crank as a statistic crank(\) of a partition A, such that if M (m,t,n) denotes
the number of partitions A of n such that crank(\) = m (mod t), the following should
hold:

M(m,t,n) = M(t—m,t,n) (1)

and

p(tnt—i- T) )

form € {0,...,t—1} where (t,7) € {(5,4),(7,5),(11,6)}. Atkin and Swinnerton-Dyer
proved Dyson’s conjecture about the rank for partitions of 5n+4 and 7n+5 in [AS54].
Cranks were then found in [AG88; Gar88|. Later, Garvan, Kim and Stanton [GKS90]
gave a single strategy to find cranks for 5n+4, Tn+5 and 11n + 6, along with explicit
bijections between the crank classes. The aim of this thesis is to explain and clarify
their work.

In Section 2, the prerequisite results and definitions from partition theory are given.
In Section 3, we define two bijections relating partitions and vectors in Z'. These are
crucial ingredients in the definition of the cranks given in Section 4.

M(m,t tn+1) =



2 Background: hooks and t-cores

Definition 2.1. Let A = (Ay,..., \,) be a partition and N = (A],...,\],) its conju-
gate.

1. The (i, 7)-cell of X is the cell in row ¢ and column j of the Young-diagram of .

-

Figure 2: (2,3)-cell of the partition A\ = (5,4, 2).

2. The (i,7)-hook of X is the subset consisting of the (i,7)- and (s, 7)-cells of A with
r>jand s > i. The (i,7)-hook of X is denoted H,).

Figure 3: (1,2)-hook of the partition A = (6,4,4,2,1).

3. The number h;\j =X\ —i+ A, —j+ 1 of cells in H{\j is called the length of H{}

4. The (4, j)-cell is said to be on the rim it is the last in a north-west to south-east
diagonal (i.e. if the (i + 1,5 4 1)-cell does not exist).

5. The set of (r,s)-cells on the rim of A such that i < r < \; and j < s < )\; is
denoted R?j and called the associated part of the rim or the rim-(i, j)-hook of \.

Figure 4: Rim-(1,2)-hook of the partition A = (6,4,4,2,1).



Remark 2.2. By picking a hook of A and removing the associated part of the rim, it
is easy to see that one obtains a new Young-diagram. It is also clear that the number
of cells in R} is the same as in H}.

Definition 2.3. Let A be a partition. The (4, j)-hook of A is called a t-hook if h); =t
and the associated part of the rim is called a rim-t-hook. The partition A is said to
be a t-core if it has no hooks of length a multiple of ¢, or equivalently no rim hooks of
length a multiple of ¢.

Theorem 2.4. ([JK81, Theorem 2.7.16]). Pick a number t and a partition \. By
subsequent removal of rim-t-hooks from A, one eventually obtains a t-core partition A,
independent of the sequence of removals. This unique partition A is called the t-core of

A ]

Remark 2.5. Since hook lengths are preserved by conjugation, Theorem 2.4 shows
that the t-core of the conjugate of a partition is the conjugate of the t-core of the
original partition.

_ We illustrate Theorem 2.4 in Figure 5 where the 3-core of A = (6,4,4,2, 1) is found:

A= (3,1,1).

— — —

Figure 5: Sequence of rim-3-hook removals of the partition A = (6,4,4,2,1).

Definition 2.6. The Durfee square of a partition A is largest square fitting inside the
Young-diagram of A with one vertex at (1,1). The size of the Durfee square is the
greatest integer s such that A\ has at least s parts of value at least s.

Figure 6: Durfee square of size 3 in the partition A\ = (6,4,4,2,1).



3 Two bijections

If X\ is a partition, we denote the number which A partitions by |A|. We note by P the
set of all partitions and P,_.,.. the subset of all partitions which are t-cores. Recall
that

p(n) = #{A € P 1 [N = n}
and
ai(n) == #{X € Pi_core : |\ = n}.

Finally, we shall use the notation

k—1

(a; @) == [ J(1 = aq’)

1=0

(allowing k& = oo). Note that

> pn)g" = !

(4 @)oo
Theorem 3.1. ([GKS90, Bijections 1 and 2]). There is a bijection
P1:P = Prsoe X P XX P, A= (XA A1),
such that

t—1
A=A+ I
i=0

(it should be noted that the \; are not the parts of A\, rather they are themselves parti-
tions of smaller numbers). The generating function identity given by ¢1 is

o0 . 1 o0 .
There is another bijection

¢2:-Pt—core_){ﬁ:<n0>---ant—1)EZt:n0+"'+nt—1:0}a 5"_>ﬁ7

where 5 . _
A =t||7|)* /2 +bi, b=(0,1,...,t—1).

The generating function identity given by ¢o is

o0
n_ L|7)? +b-7
at(n)q = q .
n=0 7#-1=0

nezt
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Proof. We begin by ¢5. We let X be a t-core and we define ¢o(N) = 7 = (ng, ..., n_1)
as follows. We label the (4, j)-cell of X with j—¢ mod ¢. Then we add an infinite column
to the left of A (the O-th column) and label its cells in the same way. This diagram
is called the extended t-residue diagram. A cell of the extended t-residue diagram is
called ezposed if it is at the (right) end of a row. For r € Z we define region r of the
extended t-residue diagram to be the set of cells such that

rt—1)<j—i<tr

For i = 0,...t — 1 we define n; as the maximum number of a region containing an
exposed cell labelled 7. This number is well defined since column 0 contains infinitely
many exposed cells. As an example, consider \ = (4,2). Then ng = 2, ny = —1 and
ny = —1 (see Figure 7, where region -1 of the extended 3-residue diagram is coloured
white, region 0 in red, region 1 in green and region 2 in blue).

1B

Figure 7: Extended 3-residue diagram of the 3-core A = (4,2).

Note that by going down the rim (i.e. to the “south-west” or “down-left”), in each
step one is either reducing j by 1 (taking a step to the left) or increasing i by 1 (taking
a step down), in either case one is reducing j — ¢ by 1. Therefore, for all i, if region r
has a cell labelled ¢ on the rim, then all regions < r have a cell labelled ¢ on the rim.

Now let’s prove that if ¢ is exposed in region r, then the cell labelled ¢ on the rim in
region r — 1 is exposed. First note that if the cell labelled ¢ in region » — 1 is in column
0, then it is exposed (all cells on the rim in column 0 are exposed). Now suppose our
cell is not in column 0, i.e. is in the original partition. If it is not exposed, then there
is a cell to the right of it, labelled ¢ + 1 mod ¢, which we call cell x. Since the cell
labelled ¢ is on the rim, there is no cell just below cell z. But then the part of the rim
going from cell x up (“north-east”) to the cell in region r labelled i is a rim-t-hook,
contradicting the fact that ) is a t-core. For later use, we note that if ) is not a t-core,
then for some r there is an exposed cell labelled ¢ in region r and s < r such that
1 is not exposed in region s. Indeed, take a rim-t-hook, and let ¢ be the label on its
north-eastermost cell, which we suppose to be in region r. Then by the argument just
above, its south-westernmost cell (supposed to be in region s < r) will be labelled i+ 1.
The cell labelled ¢ on the rim in region s will then be to the left of the cell labelled
i + 1, and thus not exposed (the other option is that it is just below the cell labelled
i+ 1, but that is not possible since i + 1 is the foot (south-westernmost cell) of a rim

hook).



We have just shown that there is a cell labelled 7 in every region numbered < n,.
Therefore the number of exposed cells in regions with positive number is the sum of
the positive n;’s. The number of exposed cells in positive regions is also the number
of rows which intersect a positive region. For a row to intersect a positive region, its
length must be at least its number. Therefore, the number of exposed cells in positive
regions is exactly the size of the Durfee square of X. To show that ng + - - - +ns_; = 0,
it suffices to show that if X is the conjugate of ), then

Bo(N) = (—ny_1, —Ny_s, ..., —10), (3)

since the Durfee square is an invariant by conjugation, and that along with Equation
(3) means that the negative sum of the negative n;’s is equal to the sum of the positive
n;’s. Indeed, Equation (3) holds for X' = (2,2, 1, 1), see Figure 8 (region —2 is coloured
yellow).

Figure 8: Extended 3-residue diagram of X' = (2,2,1,1).

In general, consider an exposed cell in region r of A labelled i, such that there is a
cell labelled i + 1 above it. Suppose its coordinates are (k,m). Since

tr—1)<k—1—m<tr,

we have
—tr <m—k<t(l—r),

and thus the corresponding cell in N will be in region 1 — r, it will be on the rim,
labelled ¢ — i — 1 and not exposed (since there it is not the last cell in its column in 5\,
it is not the last cell in its row in ' ). Conversely, if a cell on the rim of X is in region
1 —r, labelled ¢ — 7 — 1 and not exposed, then the cell to its right corresponds to an
exposed cell labelled 7 in region 7 of \. We conclude that equation (3) holds.

To show that ¢, is bijective, we give its inverse. Let 7 = (ng,...,n;—1) be given
such that ng + --- +n,_; = 0. Consider the lattice of all cells (i,7) with i,j € Z,
where the (7, j)-cell is labelled j — ¢ mod t. Define the regions as before. Then in each
row, for ¢ = 0,...,t — 1 there is exactly one cell labelled 7 in each region. Now for
each integer m starting from the largest value of the n;’s down to the smallest, order
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the indices of the n;’s such that n; > m in decreasing order. Define a; to be the k-th
term of the sequence defined in this way and let m(a;) be the value of m when a
was defined. Then define \; to be the column number of the cell labelled a; in region
m(az) in row k. Then the positive \;’s are the parts of X := ¢; (7). To illustrate
this construction, consider Figure 9, where we have bolded the label of the exposed

cell in each row of the resulting partition for ¢ = 3 and 7 = (—1,2, —1) The resulting

2
1
0

N(O| | N

2

Figure 9: Lattice with regions —2 to 2 colored.

partition in the example of Figure 9 is ¢, () = (5,3,1). The sequence (ay) in this
case is 1,1,1,2,1,0,2,1,0,....

We noted before that a partition is in fact a t-core if and only if the condition that
the existence of a cell labelled 7 in region r implies the existence of a cell labelled 7 in
region r — 1 holds. Therefore, by construction, if ¢, ' is well defined, then the resulting
partition is a t-core. For it to be well defined, we need to show that the construction
of the sequence a; makes us end up in column number 0, i.e. at the point where

ar =t —1l,a,1 =t —2,...,a544-1 = 0, then \y = 0. Let ryy, = min{ng,...,n;1}.
Then for each i, there are n; — ry;, + 1 rows with a cell labelled 7 at the end, up to and
including the first occurence of a, =t —1,a,_1 =t—2, ..., axs+—1 = 0 in the sequence.

Therefore, there are in total

t—1
Z(nz — Tmin + ]-) — _t(rmin - ]-)
i=0
rows (if we stop counting after the first occurence of ay = t—1,a5_1 =t—2,..., a1 =

0). Now, for all i € {0,...,t — 1} the cells labelled i in region 7y, and rows —t(rmyi, —
1) — ¢ are in the same column j such that

t(rmin - 1) S ] + ZL'(rmin - 1) +Z < trmin

Plugging in ¢+ = 0, the former inequality gives 0 < j and plugging in ¢« = ¢t — 1, the
latter gives j < 1. We conclude that j = 0, and thus that ¢, is well defined.
Now we prove that if ¢o(\) = 7, then |A| = ¢ ||7Z||* /2+b- 7. First we show that the



number of cells strictly to the right of the main diagonal of the Young diagram of \ is

Indeed, let a postive n; be given. Then there are n; rows which have an exposed cell
labelled i to the right of the main diagonal. In the first such row, to the right of the
main diagonal, there are n; — 1 blocks of ¢ cells labelled 1,2, ...t —1,0 (the first block
in region 1, the second in region 2 etc. up to region n; — 1), followed by the ¢ cells
labelled: 1,2,...,:. In general, in the m-th such row, to the right of the main diagonal
there are n; —m blocks of t cells labelled 1,2, ...,t—1,0, followed by the i cells labelled:
1,2,...,7. Therefore the number of cells to the right of the main diagonal in the rows
which end with an exposed cell labelled 7 is

Zl(t(ni—m)—l—z):mi—irzlt(ni—m):mm%(?),

yielding the desired result. By applying the same argument on N one obtains that the
number of cells to the left of the main diagonal of the Young diagram of X is

S fomemei(3)

We have already seen that the number of cells on the main diagonal is
S
n; >0

Therefore, since the negative sum of the negative n;’s is equal to the sum of the postitve

TLZ"S,
A= (m+t (D)) =S (t—1-dm—t( 7))+ X m
7 2 J 2 g
n; >0 n;<0 n; >0
t
:Zini+—(t—1)2nj+2ni+gz i(ny annl—i—l
n; n;<0 n; >0 n; >0 nj<0
—b ﬁ—l—th—l—th(n 1) th +th(n +1)
B 2 f2 o 2 72 I
n; >0 n; >0 n,; <0 n;<0
b7+ = Zn —b- n+—|]n|]
Now we give ¢;. Let A be a partition, and wy, ..., w;_; be t biinfinite words in the

letters N and F, defined such that for j € Z, the j-th letter of w; is E if the diagonal



of i’s in region j intersects the extended t-residue diagram of A in an exposed cell, and
otherwise it is V. Note that if the k-th letter of w; is N and there is an F in position
7 > k, the diagonal of i’s in region k intersects the rim of X\ in a cell labelled ¢ which
is not exposed. In that case we call this cell the cell corresponding to N in position
k. The cell corresponding to E in position j is of course the exposed cell in region j
labelled 7.

Now A is a t-core if and only if each w; is an infinite sequence of E’s followed by
an infinite sequence of N’s. In that case, define A = X\ and \; = @ for i =0, ...,¢ — 1.
If X\ is not a t-core, pick a w;. Suppose the rightmost E is in position j and that the
rightmost N to the left of the rightmost F is in position k < j. The cell corresponding
to IV in position k is on the rim of A but not exposed. Therefore there is a cell to its
right labelled 7 + 1 which is the last in its column. The rim hook going from that cell
to the cell corresponding to F in position k + 1 is of length ¢. Remove it, and change
w; accordingly (the result is switching the N in position k£ and the E in position k+1).
Repeat until the block of E’s from position k£ + 1 to j has been shifted one step to the
left. Place a part of size 7 — k in A;. Do this until not possible anymore; by Theorem
2.4 we end up with the t-core A of X\. Every time a new part is placed in ); in this
process, t(j — k) blocks are removed from A, proving the identity

t—1
A=A+ A
i=0

We illustrate the process on A = (6,4,4,2,1). Its extended 3-residue diagram is shown
in Figure 10.

N[O

N | O[N] O

RN O~

Figure 10: Extended 3-residue diagram of \' = (6,4,4,2,1).

We show positions —2 to 2 of the words wy, wy, wo:
wg=...EENNN ... w;=...ENFEEN ... wy=...FEENFEE ...

In all the words, the letters in positions > 3 are N and those in positions < —3 are E.
No shifting occurs in wy; therefore \j = &. The shifting of letters in w; corresponds
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to removing the red rim-3-hook followed by the green one in Figure 11 (note that the
green one doesn’t become a rim hook until the red one is removed). The cell with
the bold label corresponds to the /N in position —1 and the cells with the italic labels
correspond to the E’s in position 0 and 1.

RN O H=INO ] N

Figure 11: Removal of rim hooks corresponding to w; for X' = (6,4,4,2,1).

A part of size 1 — (—1) = 2 is then added to A;. As a result w; is of the desired
final form and thus A\; = (2). Figure 12 shows the removal of rim hooks corresponding
to wy in the same way.

RN RN O~ N

Figure 12: Removal of rim hooks corresponding to wy for X' = (6,4,4,2,1).

We conclude that Ay = (2) and

¢1(A) =((3,1,1),2,(2),(2)).
For a proof that ¢, is bijective, see [JK81, Theorem 2.7.17]. O

The two generating function identities in Theorem 3.1 yield Equation (4)

S n 1 L+
27 = g 2 g
n=0 B X

Al=
ezt
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4 Cranks

Since each term of the left factor of
1 A2 T
sl +b-7
q2
(q"; q")% ;
n-1=0
nezt
has exponent divisible by ¢, when it is expanded, the residue mod t of each exponent

will be determined by the right factor. Furthermore, since 7 -1 = 0, the number of odd
n's is even, and thus the number of odd n?’s is even, so ||7||* is even and hence

t
B 17]|* = 0 mod ¢

Therefore, Equation 4 yields

= 1 2
> _pltnt )" = @ Z q2“"” *” (5)

—~ (044)% .4
% i
REZ
The exponent
t 9 o
—||7||"+0b-7
=l
is a degree 2 polynomial of ¢ variables ng,...,n; 1. By a change of variables, we will

transform it into a quadratic form, i.e. a homogenous polynomial of degree 2.

4.1 The case 5n +4
Consider the 5 partitions of 4,
4=3+1=242=2+1+1=14+14+1+1.

They are all 5-cores and their extended 5-residue diagrams are shown in Figure 13 with
region —1 coloured white, region 0 red and region 1 green.

We see that

Uo == ¢2((1,1,1,1)) = (1,—1,0,0,0)

U1 = ¢2((2,1, )) (0,1,—1,0,0)

172 — ¢2<<3,1 ) (O 0,1, 1 0)

Us := ¢2((4)) = (0,0,0,1,-1)

Uy = ¢2((2,2)) = (1,1,0,—1,—1)
Obviously, ¥, . . ., U are linearly independent over R. Since @;-1 = 0 for all 4, this means
that 4, . . v4 span the four-dimensional subspace {1}* of R®. Hence, for any 7 € Z°
such that -1 = 0 there exists @ = (ag, . ..,a4) € R® such that 7 = agtly + - - - + ayty.

In fact, in that case & can be chosen in Z°: Smce Uy = Vo + 201 + 20U, + 03, we can choose
oy =0. Then ag=ng €Z. Thusay =ag+n1 €EZ, g =1 +ng € L, 3 = —ny € 7L

12



=N W

Figure 13: Extended 5-residue diagram of partitions of 4.

Lemma 4.1. A vector it € Z° satisfies i -1 = 0 and b-7i =4 modb if, and only if,
n = ooy + -+ + ayvy for some a@ € Z° such that & -1 = 1. Further, such an a is
unique.

Proof. Indeed, let @ € Z° such that @-1 = 0 and b-7 = 4 mod 5. Write i =
agly + - -+ + oy with @ € Z°. First we show that @ -1 = 1 mod 5. Since

4
—ao—a1—ag—a3—6a4:Zo¢i(5-ﬁi):g-ﬁz4mod5
i=0

and .
b-n+ad-1=—5as =0 mod 5,

we conclude that @ -1 = 1 mod 5. Let 3 = (1,2,2,1,—1) and note that g-1=r5.
Let k € Z such that @ - 1 = 5k + 1 and replace & by @ — k‘g This does not change 77
because v, = Uy + 207 + 205 + U3, and we are done.

Conversely, suppose i = agly + - - - + auty for some & € Z° such that @ -1 = 1.
Then since @ - 1 = 0 for all 4, we have 7 - I = 0. Further,

4
g~ﬁ=2ai(5-ﬁi):—ao—al—ag—a3—6a4:—0_2~f—504454mod5.
=0

Furthermore, having picked @-1 = 1 and not 5k + 1 for any other value of k € Z, this
« is unique, an each such @ clearly gives a unique 7 O

Now given 7, let @ = (ayp, ..., a4) be as in Lemma 4.1. Then

ﬁ = (ao + Qy4, —Qp + (0%} + Qy, —O + Q9, —Qy + a3 — Oy, —03 — 044)

13



and thus

17]1* = (00 + 0a)® + (—aw0 + a1 + ) + (—a1 + @) + (a2 + a5 — o)’ + (—a5 — )’
= 2043 + 20@ + 2043 + 2a§ + 4043 — 20901 + 20104 — 2001009 — 2009003 + 2009014

Since
b-ﬁ:—ao—al—ag—a3—6a4:—5a4—1,

we obtain

— H H +b-7=5 Ho?H2 + 50 — blapay + arag + asas) + Sagay + bagay — bay — 1

=5 HO_Z”2 - 5(0&00&1 + g + CYQOég) + 5044(0&1 + o + g — 1) —1

=5 ||O_2||2 — 5(0&0&1 + g + OéQOég) + 50&4(—(1/0 — 053) —1
4

=5||@|> =5 (Z aiam) —~1
1=0

where the indices in the sum are taken mod 5. Define

4
a) = ”&"2 - ZaiaiJrl-
i=0

Note that by the above, Equation (5) for (¢,r) = (5,4) becomes

00 1 o
> pbn+4)gH = —— > P! (6)
— (2% 0°)% <
n -1=1

aELP

and by multiplication by ¢ followed by the change of variables g <+ ¢° in Equation (6)
we obtain:

- n 1 a
ZP(5”+4)Q = @05 Z g, (7)
*© g1=1

n=0 d=
aezd

By a similar manipulation of the identity

Zp(5n +4)g"" = —5 Z as(5n + 4)g""
n=0 (q q ) n=0

one finds

Za5 (5n +4)g" ! = Z q®@. (8)
n=0

a€Z5
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Now Q(d) is a quadratic form in the variables (ap, ..., ay). Its automorphism group
(i.e. group G of permutations o of its coordinates such that Q(o(d)) = Q(a)) is the
dihedral group Ds. Indeed, it contains the permutations

= (g o1 g az ay)

and
s = (a1 ay)(ag az).

We have that 7 is of order 5 and s of order 2. Further, srs~! = r=1. Thus the subgroup

generated by r and s is isomorphic to D5 and hence D5 C (. This means that G
contains all the 5H-cycles and all the double transpositions. We want to show that
G = Ds. In fact we can prove the more general Theorem 4.2:

Theorem 4.2. Fort an odd prime, the automorphism group of the quadratic form
t—1
- 12
Q@) = al* - 3 asain
i=0

(where the indices in the sum are taken mod t) is isomorphic to the dihedral group D;.

Proof. Suppose 7 is a permutation on {ay, ..., a1} with o the permutation it induces
on the indices (i.e. (i) is defined such that 7(o;) = ae(;), such that Q(a) = Q(7(d)),
or equivalently,

Q(Oéo, .. ,th,l) = Q(OzU(O), . ,Oég(t_l)).

Then
t—1 t—1
E Qi1 = E Ao ()Xo (i41)-
=0 i=0

Since this holds for all @, (i + 1) = o(i) £ 1 for all i. Suppose ¢ has a fixed point.
Without loss of generality, let that fixed point be 0. Then (1) =1loro(l) = —1 = t—1.
If o(1) = 1, then o(2) = 2 or 0, but since ¢(0) = 0 we must have ¢(2) = 2. Going
on like this we quickly see that o(i) =i for all i. If o(1) =t — 1, then o(t — 1) = 1,
since (1) = 0(0) £ 1 = 1, and it can’t be —1 =¢ — 1 = o(1), so it must be 1. Now
0(2) =0(1)£1 € {t—2,0}. Since (0) = 0, we can’t have o(2) = 0, thus 0(2) =t —2.
Similarly, o(t —2) = 2, and in general o(i) = o(t—i) and o(t—i) =i fori=1,..., 5.
Thus o is a %—fold transposition

o (5

which is an element of D;.
Now we only need to show that if o has no fixed points, then it is a power of the
t-cycle
01 ---t—1).
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We have o(1) = 0(0) £ 1. Suppose o(1) = 0(0) + 1. Then 0(2) =0(1) £ 1 =0(0) + 2
or ¢(0). It can’t be ¢(0), thus o(2) = o(1) 4+ 1. Similarly, for all 1,

oi)=0(i—1)4+1=---=0(0) +1.

Thus o(0(0)) = 20(0), and in general, 0™(0) = no(0) where the exponent n denotes
n-fold composition (everything is taken mod p). Since o(0) # 0 and ¢ is prime, Z/tZ =
(0(0)) and thus

o= (00(0) o(c(0)) ---a"H0) = (01 --- t —1)°©,

A similar argument works if (1) = ¢(0) — 1.
We conclude that the automorphism group is contained in the group

<(01 =101 t—1)---(% %»gm,

and to show the other inclusion, the argument for the case ¢ = 5 generalizes easily. [

Returning to the case ¢t = 5, let A be a partition with ¢;(\) = (5\, Ao - -+, Ag) for
t = 5. Denote ¢(A\) = (a(N), Xo, ..., As) where a(\) is the vector @ calculated from
n= ¢2(5\) as above. Then ¢ is a bijection from the set of partitions of 5n + 4 onto its
image. Define crank’(\) = b- a(\). Tt has the property of incresing by 1 mod 5 every

time the coordinates of a(A) are cyclically permuted: Indeed, since
I;-(ao,...,a4) =0-ap+1l- a1 +2-as+3-az3+4-ay,
permuting the coordinates once cyclically yields
O-au+1-ap+2-a1+3-ax+4-as.
The difference is

a0+a1+a2+a3—4a4:o7'f—5a451m0d5

Since the automorphism group of Q(&) is D5, permuting the coordinates of a(\)
via the 5-cycle (012 3 4) doesn’t change the number which A partitions, i.e.

5Q(a(N) =145 [N\ =5n+4

1=0

The operation of permuting the coordinates cyclically has no fixed point & with a'-
1 = 1, since a fixed point would have all coordinates equal and therefore all coordinates
equal to 1/5, contradicting the fact that a € Z°.

It is now clear that the 5-cycle 0 = (ag a1 s a3 ) acts on the partitions of 5n+4
with no fixed points:

g-A=(o(a(N), Ao, \)
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Where a(\) and \; are defined as before by the bijections ¢; and ¢y, and if a(\) =
(g, 01, (o, g, ), then (@ (N)) = (v, v, @y, @z, ai3). Each of its orbits is of cardinal-
ity 5 and thus there are p(5n+4)/5 orbits, proving the first of Ramanujan’s congruences
(Theorem 1.1).

Since crank’(\) increases by 1 mod 5 by each action of the 5-cycle, we have explicit
bijections (given by the 5-cycle) between the residue classes of the partitions of 5n + 4.

We still need to modify crank’()), for it to satisfy both Dyson’s properties of a
crank. We need the condition given in Equation (1), and for that it suffices to make
the crank switch signs when conjugating. We give a crank in terms of 77 in Theorem
4.3.

Theorem 4.3. A crank for partitions A of bn + 4 is given by the following algorithm.
(1) Find the 5-core X\ of X by the bijection ¢ .
(2) Find ¢o(\) = 7.
(3) Let crank(X\) = 4ng + ny + ng + 4ng mod 5.
Proof. We have
= (o + au, —p + a1 + g, —; + o, —a + 3 — g, —Q3 — Q1)

yielding the system of equations

(

ng = Qg+ 0oy

ny = —0p+ o+ oy
Ny = —Q1 + Qo

ns = —Q9 —I— 3 — Oy
ngy — —Q3— 0y

\

Thus, modulo 5 we have the following

dng+mny +n3+4ng =4+ ) — g+ o + oy — g + g — oy — 4(ag + )
= 3ap + a1 — ag — 3a3
:3&’-T+3a1+a2+4a3+2a4
=3+3b-a

Since the map Z/5Z — Z/5Z, x — 3 + 3z is bijective (its inverse is z — 4 + 2z) and

since b+ & splits the partitions into 5 equinumerous classes, so does crank(\).
Since ¢2(N') = (—n4—1,...,—ng) (cf. Remark 2.5), we have crank()\') = — crank(\),

and we conclude that crank()\) is indeed a crank. O
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4.2 The cases Tn+5 and 11n + 6

We now seek to make the analogous construction for partitions of 7n + 5 and 11n + 6.
For the seven partitions of 5 (all of which are 7-cores), we have

?70 = (bg 5)

) =(0,0,0,0,1,0,—1)
61 = gbg 4, 1

(
( )) =(0,0,0,1,0,—1,0)
Uy == ¢2((3,2)) = (1,0,1,0,0,—1, —1)
U3 = ¢of 1
(
(
(

3,1,1)) = (0,0,1,0,—1,0,0)
Uy = ¢2((2,2,1)) =(1,1,0,0,—1,0,—1)
U5 = ¢2((2,1,1,1)) = (0,1,0,—1,0,0,0)
U == ¢o((1,1,1,1,1)) = (1,0,—1,0,0,0,0)

The vectors vy, ¥, Ua, U3, U5, Ug are easily seen to be linearly independent. Thus the
vectors 7; span the 6 dimensional space {1}*. We want to prove an analogue of Lemma
4.1:

5 mod 7 if, and only if,

Lemma 4.4. A vector it € Z7 satisfies -1 =0 and b- 7t =
= 1. Further, such an A is

= agly + - -+ + agls for some & € Z7 such that @ - 1
unique.

Proof. Suppose first that 77 € Z7 satisfies 7 - 1 = 0 and b-7=5mod 7. We know that
there exists @ € R” such that @ = ayTy + - - - + agl. In fact, such an @ belongs to Z:
Since

174:2770—|-171 —172+3173+175+2176

we can choose ay = 0. Then as a column vector,

o Q9 + Qg

ny Qs

No Qo + Qi3 — Qg

n=|n3| = a1 — Q5 )

Ty Qo — (3

N5 —Q] — Q9

Ng —Qp — Qg

thus a5 = ny € Z, oy = nz+ a5 € Z, ap = —ns —ay € Z, g = —ng — Qy € 7,

a3 =g —nyg € Z and ag = ng — an € 7.
Now we show that @ -1 =1 mod 7. Since

—2a0—2a1—9a2—2a3—20z5—2a6:5-ﬁ55mod7
and

207-T—|—I;-ﬁ:—7a250mod7
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we conclude that
20-1=2mod 7

and thus since 2 and 7 are coprime,
a@-1=1mod7.

Now let 5’ =(2,1,-1,3,—1,1,2). Note that E 1 =7 =0 mod 7 and replacing @ by

a— k’g where k € Z such that @- 1 = 7k + 1 doesn’t change anything, and we’re done.
Conversely, suppose 77 = agiy + - - + agl for some & € Z" such that & - =1

Write @ = of — ayff with oy = 0. Then it = oyt + - - - v, & - T = 1 mod 7 and

T o= / / / / / r_ Y r_
b-n = =20y — 207 — 90y — 205 — 205 — 2005 = —2a/ - 1 — Tay =5 mod 7.
Clearly, -1 = 0, and we are done. n
Given 71, let & = («p, ..., ag) be as in Lemma 4.4. Then
no Qg + Q% Qg + a4 + Qg
ny Qs ay + Qs
o Qg + (g — Qi Q9 + g — Qv
n= ns = a1 — O + a4v]: = 1 — Oy
2 Qo — (g Qo — Q3 — Qg
Ny —Q1 — Q9 —Q1 — Q9
Ng —Qy — Q9 —Qpg — Qg — Oy
and thus

171 = (o2 4+ g 4 ag)? + (g 4 a5)? + (o + a3 — ) + (g — a5)?
+ (g — g — ay)® + (—ag — a)* + (—ap — ay — ay)?
= 203 + 207 + 4a3 + 203 + 4ai + 202 + 202
+ 2090 — 2093 + 20100 — 20105 + 2000003

+ dovgos + 2003004 — 2003005 + 2004005 + 200400
and

gﬁ: (064+Oé5)+2(062+063—046)+3<041 —065)
+ 4(040 — (X3 — Oz4) + 5(-@1 - 042) + 6(-0[0 — (Vg — Oé4)
= —20éo - 20[1 - 90[2 - 20[3 - 90[4 - 20[5 - 20[6

= —20-1—Tay —Tay = —2 — Tas — Tauy
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Therefore,

7 — T o —
5 Il + b7t = T]|d|* = T(aas + asas + aras) — 2
—7062<1—060—Oé1—042—063—044)
—Tag(l —ay — a3 — ay — a5 — ag)
=7 HO?H2 — 7(0&00&3 + 30 + 061065)
— 7012(0&5 + OZﬁ) - 70[4(&0 + 011) -2

= 7||@|]° = T(apas + asas + agas + asas + azon + ayay + agog) — 2
By renaming the coordinates of @ (or initially the vectors #;) in the following way:

o — Oy
a3 — O
Qg — Q9
Qg — O3
Qa5 — Oy
a1 — Q5

oy — Qg,

one obtains

where .
Q@) = al* = 3 s
i=0

where the indices in the sum are taken mod 7. In the same way as before, one finds
the analogues of Equations (7) and (8):

Q(a) (9)

Zp(?n +5)¢"t! = (

n=0 I=
aez’

Za7 (7Tn +5)g"*! = Z ¢?. (10)
n=0

a€Z7

By Theorem 4.2, the dihedral group D; (generated by the 7-cycle (012 34 5 6) and
the triple transposition (1 6)(2 5)(3 4) in S7) is the automorphism group of @, and

similarly a statistic splitting up the partitions into 7 equinumerous classes is given by
b-a.
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Theorem 4.5. A crank for partitions X\ of Tn + 5 is given by the following algorithm.
(1) Find the T-core X of X by the bijection ¢y .

(2) Find ¢o(N) = 7.

(3) Let crank(X\) = 4ng + 2ny + ng + ng + 2n5 + 4ng mod 7.

Proof. With the renaming of the @ coordinates, we have

Qg + a3 + Qg
0y + Qg
o1 — Qg + Qg
—0y + Qs
Qo — a1 — Qg
—Q3 — Q5
—Qy — Q3 — Qg

St
I

and .
b-1n=—-2—"Tasz — Tag.
Thus, modulo 7 we have the following:
dng + 2n1 + ng + ny + 2ns + 4ng = 4(ag + az + ag) + 2(aq + o) + g — g + a3
+ag—a; —ag+2(—a3 —as) +4(—ap — az — ag)
= —3ag + 3as — asz + 204 — 205 + g
=4a -1+ 3aq + 6as + 203 + Say + a5 + 4o

=4+3b-d
The map Z/77Z — Z/7Z, x — 4+ 3z is a bijection (its inverse is = + 5z +1). Since b-&
splits the partitions into 7 equinumerous classes and clearly crank()\) = — crank(\),
this yields the desired result. O]

For the eleven paritions of 6 (all of which are 11-cores) we now have

UO = ¢2(( )) = (0707070707 1707 070707 _1)

o) = ¢5((5,1)) = (0,0,0,0,1,0,0,0,0, —1,0)

Ty = ¢5((4,2)) = (1,0,0,1,0,0,0,0,0, —1, —1)

U3 = ¢5((4,1,1)) = (0,0,0,1,0,0,0,0,—1,0,0)

Ty = ¢2((3,3)) = (0,1,1,0,0,0,0,0,0, —1, —1)

U5 := $9((3,2,1)) = (1,0,1,0,0,0,0,0, —1,0, —1)

U := ¢2((3,1,1,1)) = (0,0,1,0,0,0,0,—1,0,0,0)
Tr = $5((2,2,2)) = (1,1,0,0,0,0,0,0, —1, —1,0)

Us := $2((2,2,1,1)) = (1,1,0,0,0,0,0,—1,0,0, —1)
Uy := ¢2((2,1,1,1,1)) = (0,1,0,0,0,0,—1,0,0,0,0)
U0 = ¢2((1,1,1,1,1,1)) = (1,0,0,0,0,—1,0,0,0,0,0)
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Now we obtain

= (1,-1,0,0,0,0,0,0,0,0,0) = —&o + T — T3 — T4 + U5 — 1o
@ = (0,1,—1,0,0,0,0,0,0,0,0) = —&iy — ¥ -+ U — 1o
i, = (0,0,1,—1,0,0,0,0,0,0,0) = —&iy — ¥ + T — g
i3 = (0,0,0,1,-1,0,0,0,0,0,0) = —&ip — ¥ + ¥
@iy = (0,0,0,0,1,—1,0,0,0,0,0) = —20y + & + ¥ — &g — U7 + T — o
i = (0,0,0,0,0,1,—1,0,0,0,0) = —&ip — T — ¥y — Uy + U5 + Ty — 201g
iis == (0,0,0,0,0,0,1,—1,0,0,0) = —ip + T — Ty — D10
i = amooooquom — Ty + T — U — Do
s == (0,0,0,0,0,0,0,0,1,—1,0) = —&ip + U — U3 — 1o
iy - moooooooaL 1) = —ig + U5 — g — ¥ + T — Tro.

The vectors @; obviously form a basis of {1}+ in R (and by the above, the vectors
U; span that same subspace). Let 77 € Z'! such that 7 - 1 = 0. The unique coefficients
B; € R of the linear combination 77 = [yty + - - - + Botiy are integers, since fy = ng € Z,
b1 =mn1 + By € Z, etc. Thus if 7 = atly + - - - + a1ty then @ € Z, since the @;’s are
integer linear combinations of the vj;’s.

As usual, we have

Lemma 4.6. A vector ii € Z!! satisfies i-1=0 and b- 7 = 6 mod 11 if, and only if
= aoly + - - + gl for some @ € Z such that @ -1 = 1. Further, such an & is
unique.

Proof. Suppose it € Z' satisfies - T =0 and b- 7 = 6 mod 11. Let & € Z such that
= qoUy + - -+ + a19U9. We begin by showing that @ -1 =1 mod 11. We have

no Qg + a5 + a7 + ag + Qg
nq a4+a7+a8+a9
N9 g + (0731 + Qg
ns (0D + Q3
Ny aq
n=1|mns | = Qp — Ao
Ne —Qy
ny —Qg — Qg
ng —Q3 — a5 — Q7
Ny —Qp — Qg — Oy — Q7
nio —Qp — Qg — Oy — Q5 — (g

and

— 5(1/0 — 5(1/1 — 16@2 — 5&3 — 160&4 — 16@5 — 5@6 — 160&7 — 16(1/8 — 5(1/9 — 5(1/10

b-
6

7
mod 11.
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Therefore,
5@ -1 =5 mod 11,

and multiplying both sides by 9, one obtains
a-1=1mod 11.

Note that
U7 = —6Up + 205 — 203 — Uy + 305 — 20s + 2Ug — 6010.

Let k € Z such that @ -1 = 11k + 1. Let

—

3 =(-6,0,2,-2,-1,3,-2,—1,2,0,—6).

Since 5 .1 = —11 and adding or subtracting 5 from @ doesn’t change 77, we can replace
a by a+ kp.
For the converse, note that
gﬁ: —5&-T—11(a2+0¢4+a5+a7+a8)
=—5—11(ag + oy + a5 + a7 + ag)
=6 mod 11.

Given 11, let @ be as in Lemma 4.6. Then

17]1* = (o2 + a5 + a7 + a5 + 010)” + (0 + a7 + a5 + a9)* + (o + a5 + ag)’
+ (g 4+ a3)? + aF 4 (ag — a10)? + (—ag)? + (—ag — ag)?
+ (a3 — a5 —ar)? + (—ag —ay — ay — a7)? + (—ag — @y — ay — as — ag)?
= 2a] + 207 +4as + 2a; + 4ad + 4ai + 20 + 4a2 + 4ai + 205 + 203,
+ 2agaig + 2090y + 20005 + 20008 — 209010 + 20109 + 200104 + 2001 07
+ 20903 + dagas + dosas + dagory + dagag + 2000010 + 20305 + 2003007
+ dayas + 2004005 + dagorr + dagag + 2009 + 205005 + dasar + dasag

+ 20450610 + 2066(1/8 + 4067058 + 20670(9 + 20(7@10 + 2048069 -+ 20&80610

and .
b-n=-5— ].1042 - 1].0(4 - ].10&5 - 110(7 - 1].0[8.
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Therefore,

+b-it=11|a)* — 1lagarg — 5

—1lag(l—apg—ag —ag — a3 — g — a5 — 7 — g — Q1)
—llay(l—ap—a; —ag —ay —as — ag — ay — ag — Qyg)
—1as(l —ag—ag —az —ay — a5 — g — a7 — g — Q)
—1laz(l—ag —ag —ag — oy — a5 — 7 — g — Qg — Q1)
—1lag(l —ag —ag —ay — a5 — g — v — g — (ig — Q1)

= 11||a&|* — 1lagarg — 5 — 1las(ag + ag) — 1lay(as + o)
— Nas(ag + ag) — 1laz(ag + ag) — 1lag(ag + ag)

=11 ||&@]]> = 11(pa10 + aroas + auas 4+ azos + agay + ajas

+ asrg + Qgg + avg + gy + 047050) -5
As before, we can make the following change of variables:

Qy — Qo
Q19 — O
Qg —> Qlp
a3 — O3
ag — Oy
o1 — QO
a5 — Qg
g — Q7
Qo — Qg
Qg — Qg

a7 — O

and obtain

where

and the indices in the sum are taken mod 11. As usual, we obtain

00 1 .

D op(Uln+6)g" = s 3 ¥

— (9 &

n a-1=1
aezl!
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Z ap(11n + 6)¢" ™ = Z ¢ D, (12)

n=0 a1=1
d;ezll

By Theorem 4.2, the automorphism group is isomorphic to the dihedral group Dy;.
Thus as before, a statistic splitting the partitions into 11 equinumerous classes is given

by b-a.
Theorem 4.7. A crank for partitions A of 11n+6 is given by the following algorithm.
(1) Find the 11-core X of \ by the bijection ¢;.

(2) Find ¢o(N) = 7.

(3) Let crank(\) = 4ng + 9ny + bng + 3ng + ny + ng + 3nz + dng + Ing + 4ny1g mod 11.

Proof. With the renaming of the @ coordinates, we have

o1+ oy + o+ ag + aig
Qg + g + a7 + Qg
Q9 + Qg + (g
a3 + Qg
Qs

i
I

Qp — O
—a
—Qy — Qg
—Q3 — Qg — Qo
—Qg — Q5 — (g — (o
—Qp — Qg — Qg — Qg — Qg

and

g-d’zoq—i—2042+3a3+4a4+5a5+6a6+7a7+8a8+9a9+10a10

Thus, modulo 11 we have the following:

Ang + 9ny + dng + 3ng + ng + ng + 3Ing 4+ dng + Ing + 4nqg
=4(a; + ay + ag + ag + aqg) + (e + ag + ar + a1p) + 5(ae + ag + ag) + 3(as + ag)

+ a5 —ar+3(—ay —ag) + 5(—az —ag — agg) + 9(—as — a5 — ag — ayp)
+4(—ap — ag — ay — ag — Qg)

= —4dag + 4oy + ay — 2a3 + 6ay — 8as + 8ay — bag + 2aig — g

=73 - T+ 8y + 5y + 203 + 10ay + Tas + dag + oz + 9ag + 6ag + 3ayg

—=748b-d.

The map Z/117Z — Z/11Z, x — 7 + 8 is a bijection (its inverse is x + 7x 4 6). Since

b-a splits the partitions into 11 equinumerous classes and crank(\) = — crank()), this
yields the desired result. O]
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